A model for the late-time accelerated expansion of the universe is considered where a van der Waals fluid interacting with matter plays the role of dark energy. The transition towards this phase in the cosmic evolution history is discussed in detail and, moreover, a complete classification of the future finite-time singularities is obtained for six different possible forms of the non-gravitational interaction between dark energy (the van der Waals fluid) and dark matter. This study shows, in particular, that a universe with a non-interacting three-parameter van der Waals fluid can evolve into a universe characterized by a Type IV (Generalized Sudden) Singularity. On the other hand, for certain values of the parameters, exit from the accelerated expanding phase is possible in the near future, what means that the expansion of the universe in the future could become decelerated. On the other hand, our study shows that space can be divided into different regions. For some of them, in particular, the non-gravitational interactions Q = 3Hbρ de , Q = 3Hbρ dm and Q = 3Hb(ρ de + ρ de ) may completely suppress future finite-time singularity formation, for sufficiently high values of b. On the other hand, for some other regions of the parameter space, the mentioned interactions would not affect the singularity type, namely the Type IV singularity generated in the case of the non-interacting model would be preserved. A similar conclusion has been archived for the cases of Q = 3bHρ de ρ dm /(ρ de + ρ dm ), Q = 3bHρ 2 dm /(ρ de +ρ dm ) and Q = 3bHρ 2 de /(ρ de +ρ dm ) non-gravitational interactions, with only one difference: the Q = 3bHρ 2 dm /(ρ de +ρ dm ) interaction will change the Type IV singularity of the non-interacting model into a Type II (The Sudden) singularity.
Introduction
In this paper we address the key problem of explaining the acceleration of the universe expansion under the general framework of general relativity as the theory describing the background dynamics. Dark energy will be for us an extra component, and not just fluctuations of the quantum vacuum (which are also problematic, on their own side). Ongoing intense theoretical research and ever more accurate astronomical observations have not yet been able to focuss on a generally accepted solution of this very important problem. Of course, a perfectly acceptable alternative is to resort to a modification of general relativity, playing a similar role to dark energy. The questions of how to model dark energy or how to precisely modify general relativity in order to obtain a picture both consistent with recent observational data and coming from some fundamental solution remains still open.
This situation gives a rise to the appearance of many different candidates for dark energy models and modified theories of gravity [1] (and references therein). Besides their role as cosmological models to explain the different stages of the universe evolution, they have also been checked for more detailed astrophysical applications [2] (to mention a few). This paper will be devoted to a model of dark energy as a dark fluid, known in the literature as a van der Waals fluid model, and we will start with a very brief presentation of the main aspects and developments of this subject. This will be complemented with a basic list of references on modified theories of gravity, together with their cosmological and astrophysical applications, which we will divide into three main groups. In the first one, we gather scalar field dark energy models like quintessence, phantom, the quintom model, and others. In the second group we include dark energy models which are described by the energy density. Some of the examples here are holographic dark energy models, including a more general class known as Nojiri-Odintsov holographic dark energy models, and varying and usual ghost dark energy models. Finally, the Chaplygin, polytropic and van der Waals dark energy models are some of the examples included in the third group (see, for instance, [3] and [4] and the references therein).
There are numerous studies dealing with one or the other of these models so that, to save space, we refer the readers to the corresponding references and concentrate directly in the case of theories of gravity involving a van der Waals fluid as dark energy. The study of this class of models, where the van der Waals fluid plays either the role of the whole energy source, or of just a part of it, motivate the present work. In particular, one of the first analysis involving a free parameter van der Waals fluid was discussed in Ref. [5] , where the universe was modeled by a binary mixture consisting of a van der Waals fluid and another dark energy component, namely either quintessence or a Chaplygin gas. Moreover, it was taken there into account the irreversible processes occurring in the form of an energy transfer between the van der Waals fluid and the gravitational field. Among other results, this study showed that the model could simulate:
1. an inflationary period where the cosmic acceleration grows exponentially and the van der Waals fluid behaves like an inflaton, 2. an accelerated period where the acceleration is positive but it decreases and tends to zero whereas the energy density of the van der Waals fluid decays, 3. a decelerated period which corresponds to a matter dominated epoch with a non-negative pressure,
4. a present stage of accelerated expansion, where the dark energy density outweighs the energy density of the van der Waals fluid.
In Ref. [6] the viability of three different parameterizations of the van der Waals fluid as a model of inflation in the early universe (containing one, two, and three free parameters, respectively) was considered. This study shows that a de Sitter-like expansion in the early universe will be observed in the models discussed. Detailed analysis of Ref. [6] yields a clearly understanding of when a given model can be ruled out, in particular, it shows that two of the three models considered violate some observational constraints, and that the third model (the one with three free parameters) is highly fine-tuned. On the other hand, in Ref. [7] theoretical fluid models obeying van der Waals equation of state for inflation in the presence of viscosity have been discussed. The validity of the models there were tested via comparison of the most fundamental inflationary parameters, namely the spectral index and the tensor-to-scalar ratio, with the latest results coming from accurate data of the Planck satellite. After imposing some restrictions on the parameters, one can check that the authors did obtain good agreement with the astronomical data. The study of Ref. [7] clearly demonstrates that the inclusion of viscosity (usually neglected for the inflationary epoch) in a van der Waals fluid model definitely enhances the agreement with the results of astronomical observations, in a smooth and natural way. Some other aspects obtained during the study of cosmological models with a van der Waals gas can be found in Ref. [8] .
After doing some mathematics, we reach the conclusion that the universe's Hubble parameter and the one-parameter van der Waals component, in terms of the deceleration parameter q and the model parameter ω,can be expressed as a solution of the following equation
Interesting solutions representing an expanding universe in this case are
To obtain Eq. (1) one takes into account thatḢ = −H 2 (1 + q). On the other hand, withḦ = H 3 (j + 3q + 2) andḢ = −H 2 (1 + q), one gets a system of equations allowing to express the Hubble parameter H and the model parameter ω in terms of q and j, where j is the jerk parameter defined from (with n = 3)
a being the scale factor. A significant number of papers, some of which have been already mentioned above, directly demonstrate the viability of a van der Waals fluid. However, to our knowledge a classification of future finite-time singularities for the class of cosmological models with a van der Waals fluid is still lacking. The main purpose of the present paper is to fill in part this gap by providing such a classification for a three-parameter family of models with a van der Waals dark fluid, namely
being ω, α and β the free parameters, while ρ de is the energy density of the dark fluid, a part of the whole energy content of the present and recent universe. In general, it is believed that a classification of future singularities of a cosmological model will be useful for better understanding the physics of the universe. Also, this can be used in order to understand if the recent observational data could eventually provide a unique connection between physics of the early and future universe, based on appropriate theories developed for our present universe. The answer will depend in part on the statistical error of the particular data and on the possible tensions that may arise among the different observational data sets. In what follows, all types of future finite-time singularities arising in this family of models, together with some further discussion on their evolution and some ensuing practical results will be presented. To start, we know that in a universe with phantom fields, with interacting dark matter/dark energy or described by theories of modified gravity, the following future finite-time singularities arise [9] • Type I singularity ("The BIg Rip Singularity"): If the singularity occurs at time t = t s , then the scale factor a, the effective energy density ρ ef f and the pressure P ef f , diverge as t → t s ; that is, a → ∞, ρ ef f → ∞ and |P ef f | → ∞. This case yields incomplete null and time-likegeodesics,
• Type II singularity (âoeThe Sudden Singularity): In this case, the scale factor a and the total effective energy density ρ ef f are finite, but the effective pressure P ef f diverges as t → t s ; that is, a → a s < ∞, ρ ef f → ρ s < ∞ and |P ef f | → ∞. In this case the geodesics are complete and observers are not necessarily crushed (weak singularity),
• Type III singularity ("The Big Freeze Singularity"): In this case, only the scale factor is finite, and the effective pressure and effective density diverge at t → t s ; that is, a → a s < ∞, ρ ef f → ∞ and |P ef f | → ∞. These can be either weak or strong singularity, which are geodesically complete solutions,
• Type IV singularity ("Generalized Sudden Singularity"): In this case, the scale factor, the effective pressure and the effective density are finite at t → t s . On the other hand, the Hubble rate and its first derivative are also finite, but the higher derivatives of the Hubble rate diverge at t → t s . In this case there occur weak singularities and the geodesics are complete, Singularities can appear as a consequence of the violation of the null energy condition. Recently, the quantitative implications of finite-time singularities on the amplitude of the primordial gravitational waves have been considered in Ref. [10] . In particular it has been found there that in the case of F(R) theories, a Type IV finite-time singularity has no effect on the gravitational waves, i.e. the amplitude of the gravitational wave modes are unaffected. Moreover, the universe smoothly goes through the singularity and the Type IV singularities can generate a graceful exit from inflation, altering its own dynamics. For the results of studies in the case of a Type II finite-time singularity we refer the reader to Ref. [10] . Some developments about finite-time singularities in F(R) gravity can be found in [11] . On the other hand, in Ref. [12] , using SN Ia, BAO and H(z) data, a general lower bound for the time of a potential future singularity has been obtained. Among other results of this study, one sees that a potential future singularity cannot be closer to the present time than ∼ 0.2t 0 , which roughly corresponds to 2.8 Gyr, and a consistent lower bound yields around 1.2 − 1.5t 0 (for certain models of parametrization). These conclusions could be extended; in particular, the authors of Ref. [10] already indicated that it would be interesting to consider f (G) theories of gravity. This consideration is mandatory for a better understanding of the issue, but at the same time it is necessary to consider, for instance, F(R,T), F(G,T), and F(R,G) modified theories of gravity, to draw a further comprehensive and self-consistent picture of this topic. This study can be useful also for distinguishing the already mentioned modified theories of gravity from each other and, probably, it will allow to highlight some hidden features. On the other hand, the study of Ref. [12] could be extended in two direction. The first and obvious one is a consideration of new parameterizations in light of new developments in theoretical cosmology. While the second path of the extension could be related to the inclusion of strong gravitational lensing data that are being intensively used in the recent literature. Finite-time singularities could be formed in interacting dark energy models, as well. There are several reasons for introducing non-gravitational interactions between dark energy and dark matter. One of them is the dependence of the solution of the cosmological coincidence problem on the form and existence of non-gravitational interactions (see, for instance, [3, 4] ). The stabilization of the early energy source would be the second argument supporting the existence of a non-gravitational interactions, as well. It is also important to reconstruct the form of the non-gravitational interactions directly from the observational data, instead of using phenomenological assumptions, as is done in various works. In this case, only the form of the dark energy EoS will be enough and it is important to have a well implemented, model-independent data-smoothing tool, like the Gaussian Processes [13] .
As is well known, non-gravitational interactions affect the background dynamics and, in principle, the main characteristics of finite-time singularities could be altered, too. Therefore it is very important to have a classification of singularities for a cosmological model with an interacting dark energy, because an imprint of the non-gravitational interaction in the mechanism of singularity formation would be useful also for understanding the nature of the interaction itself. But this is quite important, since nowadays the nongravitational interaction is understood as an energy transfer between the energy sources, i.e., an energy transfer either from dark energy to dark matter, or from dark matter to dark energy. Due to the existing symmetries and well known tensions, the question related to the non-gravitational interactions remains unanswered to a large extent.
In this paper we will study how different forms of the non-gravitational interaction affect the type and characteristics of the finite-time singularities. In particular, we aim at showing that the Type IV (Generalized Sudden) singularity formed in the case of a non-interacting three-parameter van der Waals dark fluid could be changed into a Type II (The Sudden) singularity if the non-gravitational interaction is of the form
where b is a constant, H the Hubble parameter, and ρ de and ρ dm are the energy densities of dark energy and dark matter, respectively. On the other hand, interactions such as Q = 3Hbρ de , Q = 3Hbρ dm and Q = 3Hb(ρ de + ρ de ) can completely suppress future finite-time singularity formation, for high values of b.
On the other hand, for some regions of the parameter space the mentioned interactions do not affect the type of singularity. A similar conclusion has been achieved if we consider Q = 3bHρ de ρ dm /(ρ de + ρ dm ) and Q = 3bHρ 2 de /(ρ de + ρ dm ) interactions. The non-gravitational interaction in this paper is understood as in other similar papers, i.e., it is assumed that the non-gravitational interaction is responsible for dark energy transfer to dark matter, in the following waẏ
where Q stands for the non-gravitational interaction, and dark matter is assumed to be pressureless. The background dynamics, according to Friedmann's equation, is
where a is the scale factor, while ρ ef f = ρ de +ρ dm and P ef f = P de . The last equation, together with Eqs. (6), (7) and (4), for appropriate initial conditions, allow to perform the study of the model. We would like to mention that the singularities occurring in Refs. [14] and [15] have not been observed during the presented study.
In what follows, the Om analysis has been used in order to estimate the phantom nature of the model, taking into account that the analysis is a null test for the ΛCDM model with Om ΛCDM = Ω (0) dm . The two-point diagnostics Om(z i , z j ) and Omh 2 (z i , z j ) (extensions of the Om analysis) have been introduced for the same purposes as the Om analysis itself. These diagnostics have been used intensively to study various cosmological models. On the other hand, the recent results of Ref. [16] with N = 36 measurements of H(z) from BAOs and the differential ages (DAs) of passively evolving galaxies, support the claim that ΛCDM is in tension with H(z) data, according to the two-point diagnostics developed by Shafieloo, Sahni, and Starobinsky. Moreover, as stated in Ref. [16] , serious systematic differences between the BAO and DA methods should be understood before H(z) measurements can compete with other probe methods. Keeping the mentioned results in mind, we should use Om and Omh 2 (z i , z j ) diagnostics for the models in question, accepting that different trajectories, for instance, on Om − z plane could actually signal the differences between the models. This paper is organized as follows. In Sect. 2 the family of models with linear non-gravitational interacting van der Waals dark fluids is introduced. We use the graphical behavior of the parameters to describe how the non-gravitational interactions change the background dynamics. Om analysis and constraints known from the Omh 2 analysis are also employed to determine finite-time future singularities. Moreover, in Sect. 3 a similar study is carried out for three different examples of non-linear non-gravitational interactions. In total, six different forms of non-gravitational interactions are thus considered in the paper. Only one of them is seen to be able to change the type of the singularity arising in the non-interacting model. It is quite interesting to observe that, for appropriate values of the parameters, all of the examples of interactions here considered can suppress finite-time future singularity formation. Finally, the last section, Sect. 4, is devoted to summarize all the results obtained, to conclusions and an outlook.
Singularities with linear non-gravitational interactions
In this section we will explore some crucial aspects of the low redshift universe resulting for different forms of the singularity-fixed linear non-gravitational interaction between the van der Waals dark fluid and dark matter. An example of interaction of this kind can be constructed using, for instance, the Hubble parameter H and the dark energy density ρ de , in the following way
where b is a constant. Such interaction, for b > 0, guarantees a dark energy flow to dark matter during the evolution of the low redshift universe. A study of the behavior of the deceleration parameter q, when the non-gravitational interaction is given by Eq. (9), shows that a growth of b will significantly increase the transition redshift z tr , as compared to the non-interacting model (z tr ≈ 0.6) represented by the solid purple curve in Fig. (1) . Moreover, we have seen that the value of the deceleration parameter q at z = 0 is not affected. On the other hand, on Fig. (1) we see the plot representing the graphical behavior of the same parameter for different values of ω, β, and b, for fixed α and for H 0 = 0.69 and Ω (0) dm = 0.27. We observe that the parameters of the model have strong impact on the behavior of the deceleration parameter q and on that of the transition redshift z tr , too. In particular, two distinct behaviors of the deceleration parameter could be observed for low redshifts, mainly due to the change of the β parameter. Namely, the deceleration parameter either will be only decreasing, thus preserving the accelerated expanding phase in the future, or either, starting from some redshift, it will grow and in the future an exit from the accelerated phase will be observed. On the other hand, the two plots of Fig. (2) allow us to understand some aspects of the evolution of the van der Waals dark fluid, in terms of EoS parameter, and to estimate the deviation of the model from standard ΛCDM, in terms of the parameter ∆Om,
in universes where the acceleration of the background is given in Fig. (1) . First, it is seen that, in the case of a non-interacting model, the van der Waals fluid has only a phantom nature. Moreover, the study shows (as seen on the left plot of Fig. (2) ) that, at higher redshifts, the three-parameter van der Waals dark fluid considered could have a phantom (ω de < −1) or quintessence (ω de > −1) nature, but that at lower redshifts it will develop a quintessence nature, only. Moreover, the observed growth of the deceleration parameter q for some values of the parameters of the model is due to an increase of ω DE = P de /ρ de . In general, our study shows that the Om analysis is a good tool in order to quantify the fitness of the model and clearly allows to estimate the deviations from the ΛCDM model with Om = 0.27. The values of the parameters here considered arise from the constraints coming from the Omh 2 analysis for z = 0, z = 0.57, and z = 2.34, respectively. One of the most interesting aspects observed in this model is the clear possibility to reproduce the ΛCDM behavior for higher redshifts while evolving to a quintessence solution for lower redshifts. As a general trend, a detailed study shows that the (ω, α, β, b) parameter space, for fixed H 0 and Ω 0 dm , can be split into various regions, allowing to produce examples of background evolution which are well in agreement with the most recent observational data available, and to predict moreover interesting possible future evolutions of the toy model. This directly affects the type of future singularity one is going to encounter, and also the singularity forming time. Table 1 : Values of the model parameters providing an interacting three-parameter van der Waals dark fluid universe with a singularity-free future evolution. The non-gravitational interaction is given by Eq. (9) . Here H 0 = 0.69 and Ω (0) dm = 0.27.
The characteristic future singularity for the non-interacting model is of type IV, which has been observed, for instance, with ω = −1, α = 0.2, β = 0.1 and b = 0.0. Later, the interaction Eq. (9) with an increasing value of the parameter b will just delay the singularity formation time without ever changing the type of the singularity itself. On the other hand, Table 1 shows values of the parameters for which the corresponding interacting model has a singularity-free future evolution.
Finally, to complete a comprehensive picture of the model, we have assumed the following two forms for the non-gravitational interaction:
and
which do not change the type of the singularity already observed in the case of the non-interacting models. They will just affect the singularity formation time. At the end of this section, in Fig. (3) we compare the impact of the non-gravitational interactions here considered on the deceleration parameter q and on Ω de , while Fig. (4) exhibits the impact on the EoS parameter of the three-parameter van der Waals dark fluid and ∆Om. The left plot in Fig. (3) clearly shows that the non-gravitation interaction Q = 3Hb(ρ de + ρ dm ), as compared with other forms of non-gravitational interactions, gives a higher values for the transition redshift, i.e. in this case the transition will take place earlier, as compared with other cases. On the other hand, the transition redshift is the same for the interactions Q = 3Hbρ de and Q = 3Hbρ dm . Finally, the left plot of Fig. (4) proves that Q = 3Hb(ρ de + ρ dm ) and Q = 3Hbρ dm provide the smallest value for ω de . Moreover, the phantom nature of the three-parameter van der Waals fluid for higher and lower redshifts is apparent. The right plot in Fig. (4) shows that, for higher redshifts Q = 3Hb(ρ de + ρ dm ), the interaction provides a Figure 3 : Behavior of the deceleration parameter q and of Ω de for an interacting three-parameter van der Waals dark fluid universe. The purple curve corresponds to a non-interacting model, while the red, green and brown curves represent interacting models with non-gravitational interactions given by Eq. (9), Eq. (11) and Eq. (12) Behavior of the deceleration parameter q for an interacting three-parameter van der Waals dark fluid universe. The purple curve corresponds to a non-interacting model, while the red, green and brown curves represent interacting models with non-gravitational interactions given by Eq. (9), Eq. (11), and Eq. (12) stronger deviation from the ΛCDM model, which will further grow with decreasing redshift. Eventually, for lower redshifts (z < 0.15) the observed deviation is not affected for the linear non-gravitational interactions here considered.
Singularities with non-linear, non-gravitational interactions
In this section we address the issue of the classification of future finite-time singularities in the case of the three non-linear, non-gravitational interactions given in Eq. (5),
First of all, we observe that the non-gravitational interactions, Eqs. (13) and (14), will not change the type of the singularity already formed in the case of a non-interacting model. On the other hand, they will strongly affect the precise time the singularity forms. In particular, with an increase of b singularity formation will be delayed. In other words, the qualitative picture is similar to the cases considered in the previous section with linear non-gravitational interactions. However, the situation will change drastically if we consider a non-gravitational interaction, as the one given by Eq. (5), and we see from the corresponding picture that this is the most interesting form of non-gravitational interaction among those considered in this paper, because it can change the type of the singularity which was formed in the case of the non-gravitational model. Specifically, we observe that it changes the Type IV singularity to a Type II one. On the other hand, the parameter space contains regions, which provide singularity-free future evolution for the models with the non-linear, non-gravitational interactions here considered, what is quite remarkable. In these cases we will just have an expanding universe accelerating for ever.
For the two types of models considered in this paper, we have also studied the behavior of C 2 s and have seen that b > 1.0 will produce, in all cases, an effective fluid which is not stable at low redshifts. In other words, we have observed that the formation of the singularity occurs for C 2 s > 1, while a singularity-free evolution takes place when C 2 s < 0 at low redshifts (z < 0.3). However, it is also possible to have a stable effective fluid, for a very tiny value of the interaction parameter b, and get a singularity-free evolution of the future universe.
Discussion and conclusions
In this paper we have aimed at filling an important gap that existed in studies of cosmological models with a van der Waals dark fluid playing the role of dark energy; more specifically, when this dark fluid is interacting, as compared with the non-interacting case, and paying special attention to the differences between the possible future singularities in each situation. In particular, we have explicitly considered six different forms of non-gravitational interaction between the three-parameter van der Waals dark fluid and cold dark matter; the corresponding future finite-time singularities have been found and classified. Moreover, the evolution of these singularities for varying values of the parameters of the models have been discussed in detail.
Our study shows that the parameter space can be conveniently divided into various regions and that, for some of those regions, the non-gravitational interactions of the type Q = 3Hbρ de , Q = 3Hbρ dm and Q = 3Hb(ρ de + ρ de ) can completely suppress future finite-time singularity formation, for high values of b. On the other hand, for some of these regions in the parameter space, the above mentioned interactions do not affect the type of singularity, which was already present in the non-interacting case. More specifically, the Type IV singularity already occurring in the case of the non-interacting model is preserved by the interaction.
A similar conclusion has been archived when considering the following cases of non-gravitational interaction: Q = 3bHρ de ρ dm /(ρ de + ρ dm ), Q = 3bHρ 2 dm /(ρ de + ρ dm ), and Q = 3bHρ 2 de /(ρ de + ρ dm ), with the only one difference arising in the case of the interaction Q = 3bHρ 2 dm /(ρ de + ρ dm ), which is namely able to change the Type IV singularity of the corresponding non-interacting model to a Type II (The Sudden) singularity. Moreover, during the study of C 2 s we have found that the violation of the constraints for the effective fluid in this case could actually be one of the reasons for the formation of the finite-time singularity.
Some aspects of the respective impacts of the three models above, for non-gravitational interactions, on the deceleration parameter q, and on ω de , Ω de and Om, have been also discussed in much detail. We have proved, in particular, that the Om analysis can be successfully carried out for a proper study of these models. On the other hand, we have found that if we take altogether the thirty-six measurements presented in the Introduction, then the Omh 2 analysis does not practically affect the constraints obtained from the same analysis with only three measurements, as subsequently used in this paper. Of course, for a full analysis we need to involve several data sets including, in particular, strong and weak gravitational lensing data, in order to get more precise constraints on the parameters of the model. However, we are quite certain that the result presented here will not be much affected in this case, owing to the fact that we have scanned quite extensive domains of the whole parameter region in the course of our study.
In summary, the present analysis has recovered various interesting aspects of the van der Waals dark energy universe revealing at the same time some new and very promising directions. With the use of our simple model we have demonstrated that a non-gravitational interaction can sometimes completely suppress the formation of future finite-time singularities, or either it can change the type of the singularity. Moreover, the non-gravitational interaction of the van der Waals dark fluid can strongly affect the singularity formation time. It is also possible to suppress the singularity that forms in the non-interacting model.
It would be interesting to extend the present study in order to involve new aspects of the interacting dark energy models, which have recently appeared in the literature. In particular, it would be important to see how sign-changing interactions can influence the type of the singularity. And it would also be interesting to extend the present study to take into account viscosity, in the light of a recent and quite revealing discussion in [7] in relation to the van der Waals inflationary universe. All these aspects will be considered in subsequent work.
